We study the stress-tensor distribution around the flux tube in static quark and anti-quark systems based on the momentum conservation and the Abelian-Higgs (AH) model. We first investigate constraints on the stress-tensor distribution from the momentum conservation and show that the effect of boundaries plays a crucial role to describe the structure of the flux tube in SU(3) Yang-Mills theory which has measured recently on the lattice. We then study the distributions of the stress tensor and energy density around the magnetic vortex with and without boundaries in the AH model, and compare them with the distributions in SU(3) YangMills theory based on the dual superconductor picture. It is shown that a wide parameter range of the AH model is excluded by a comparison with the lattice results in terms of the stress tensor.
Introduction
The energy-momentum tensor (EMT) T µν (x) is an important observable in various fields in physics including gravitational theory, hydrodynamics, and elastic body. Among the components of EMT, its spatial part, which is related to the stress tensor σ ij as σ ij = −T ij with i, j = 1, 2, 3, is a fundamental observable related to force acting on a surface. In field theory, the stress tensor represents distortion of fields induced by external sources [1] . For example, in Maxwell theory local propagation of a Coulomb interaction between charges is characterized by the Maxwell stress, which is the spatial component of the EMT in this theory, T µν = F µρ F ρ ν − (1/4)δ µν F ρσ F ρσ with the field strength F µν [1] . The stress tensor in non-Abelian gauge theories including QCD is even more important because this observable characterizes the structure of the non-Abelian fields with external sources in a gauge invariant manner. Recently, the analysis of the stress tensor has been performed in various systems described by the strong interaction, such as the static-quark systems [2] , hadrons [3] [4] [5] [6] [7] [8] [9] , and thermal system having a pressure anisotropy [10] .
In Ref. [2] , the stress-tensor distribution in static quark and an anti-quark (QQ) systems in SU(3) Yang-Mills (YM) theory has been measured in the numerical simulation of lattice gauge theory. In this study, the analysis of the stress tensor on the lattice is realized with the EMT operator [11] [12] [13] [14] [15] constructed via the gradient flow [16] [17] [18] . Through the analysis of the principal directions and eigenvalues of the stress tensor, the formation of the flux tube is revealed in terms of the gauge invariant observable. Before this study, the spatial structure of the flux tube between QQ had been investigated using the color electric field and action density [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] (see also the reviews [29] [30] [31] ). Compared with these previous studies, the use of EMT and especially the stress tensor has several advantages. First, EMT is gauge invariant and an observable having a definite physical meaning related to energy density and force acting on a surface. For example, principal directions of the stress tensor serve as a gauge invariant definition of the direction of "line of force" in non-Abelian theories [2] .
Moreover, EMT is a renormalization-group invariant quantity and its absolute value has an unambiguous meaning. Second, as EMT is a second-rank tensor having many channels compared with a vector field, it provides us with more detailed information on the system than the color electric field. In fact, in Ref. [2] it was found that the eigenvalues of EMT on the mid-plane between QQ shows nontrivial degeneracies and separations.
In the present study, motivated by the numerical results in Ref. [2] we explore the distribution of EMT in the QQ system using conservation laws and a specific model 1 . We first discuss constraints on the EMT distribution from the momentum conservation. We show that the transverse structure of the eigenvalues of EMT must have a separation for an infinitelylong flux tube having a translational invariance. This property is qualitatively inconsistent with the lattice results in Ref. [2] . The momentum conservation thus leads to a conclusion that the effect of boundaries of the flux tube is crucial to describe the lattice results.
We then employ the Abelian-Higgs (AH) model and study the EMT distribution around the magnetic vortex with and without boundaries. The AH model is a relativistically generalized version of the Ginzburg-Landau (GL) model for superconductivity. According to the dual superconductor picture [35] [36] [37] [38] , the dual of the AH model is regarded as a phenomenological model of low energy QCD; attempts to derive the dual AH model from QCD have been discussed in the literature [39] [40] [41] [42] based on the Abelian dominance [43] and the monopole condensation [44] [45] [46] . In this picture, magnetic monopoles and the magnetic vortex between the monopoles in the AH model correspond to the color charges and the flux tube in YM theory [38] , respectively. Based on this picture, the vortex solution in the AH model has been compared with numerical results on the flux tube in YM theory [47] [48] [49] [50] [51] [52] .
In these studies, however, action density and/or field strength of the color gauge field in a specific gauge have been used for observables to make a comparison.
In the present study, we calculate the spatial distribution of EMT around the magnetic vortex in the AH model, and compare it with the lattice result in Ref. [2] . We demonstrate that the stress-tensor distribution around the infinitely-long magnetic vortex is qualitatively inconsistent with the lattice result, as anticipated from the momentum conservation. We then analyze the magnetic vortex with a finite length, and show that a wide parameter range of the AH model with a standard potential cannot reproduce the lattice result in Ref. [2] simultaneously. This paper is organized as follows. In Sec. 2, we discuss general properties of the stresstensor distribution around the flux tube which are obtained only from the momentum conservation and cylindrical symmetry. We then employ the AH model in Sec. 3, and discuss the magnetic vortex in this model with and without boundaries in Sec. 4. In Sec. 5, we discuss the numerical results on the stress-tensor distribution around the magnetic vortex. The final section is devoted to a short summary. Some analytic properties of the vortex solution in the AH model is summarized in Appendix A.
Throughout this paper we consider 3 + 1 dimensional Minkowski space with the metric g µν = diag(1, −1, −1, −1) with µ, ν = 0, 1, 2, 3.
Stress tensor and momentum conservation
In this section, we summarize general properties of the EMT distribution around the flux tube which do not depend on a specific model. In particular, we discuss constraints from the momentum conservation, and show that the lattice results in Ref. [2] are qualitatively inconsistent with the flux tube with an infinite length.
Stress tensor
The stress tensor is related to the spatial components of EMT as [1] 
Force per unit area F i acting on a surface with the normal vector n i is represented in terms of the stress tensor as
From Eq. (2.2) one sees that the force and the normal vector are parallel only for the local principal axes obtained by solving the eigenvalue equations
3)
The strength of the force per unit area along n 
with energy density ε and pressure P > 0. As the stress tensor reads σ ij = −P δ ij , force acting on a surface element is always perpendicular to the surface. The sign of the eigenvalues means that volume elements are pushing with each other with pressure P . Second, in Maxwell theory for electromagnetism EMT is given by 5) with the field strength F µν . When a static electric or magnetic field along the z direction is applied as E = (0, 0, E) or B = (0, 0, B), one has In a static system, the momentum conservation implies
By taking a volume integral of Eq. (2.7) on a volume V without external charges and using the Gauss theorem, one obtains
where S is the surface of V with the outgoing surface vector. Since dS i T ij is the j-th component of force acting on the surface element dS i , Eq. (2.8) represents the equilibrium of force acting on V through its surface. When there exists a test charge in volume V , force F acting on the test charge is related to the surface integral as
Cylindrical coordinate system
In the analysis of the flux tube or magnetic vortex, it is convenient to employ the cylindrical coordinate system (r, θ, z) with r = x 2 + y 2 and θ = tan −1 (y/x) with 0 ≤ θ < 2π because of the rotational symmetry around an axis. The components of EMT in this coordinate system are given by 9) with γ, γ = 0, r, θ, z and e γ denotes a unit vector along the direction of the γ axis in the Minkowski space.
The momentum conservation Eq. (2.7) in terms of T γγ (r, z) is given by
10) 12) which represents the equilibrium of force acting on an infinitesimal volume element along the r, θ, z directions, respectively. When a system is translationally symmetric along z direction in addition to the rotational symmetry, the components of EMT is given by functions of r as T γγ = T γγ (r), and z 
By rewriting Eq. (2.13) as r∂ r (T rr (r)) = T θθ (r) − T rr (r) it is easy to show that T rr (r) and T θθ (r) behave differently as functions of r except for the case T rr (r) = T θθ (r) = 0 provided that T rr (r) → 0 in the r → ∞ limit. Moreover, by integrating out both sides of Eq. (2.13) and assuming rT rr (r)| r→∞ = rT rr (r)| r→0 = 0 one obtains 14) which shows that T θθ (r) as a function of r must change sign at least once so that its integral vanishes.
Lattice results on flux tube in SU(3) YM theory
Now let us inspect the components of EMT on the mid-plane of the flux tube in SU(3) YM theory obtained on the lattice in Ref. [2] . In Fig. 1 we show the expectation values of T 00 (r), T zz (r), T rr (r), and T θθ (r) on the mid-plane in the QQ system as functions of r for three QQ distances, R = 0.46, 0.69, and 0.92 fm. The figure shows that T rr (r) and T θθ (r) are degenerated within statistics for all QQ distances. Moreover, the result suggests ∞ 0 drT θθ (r) > 0. These properties do not agree with Eqs. (2.13) and (2.14) obtained by assuming the translational invariance. Therefore, the result in Fig. 1 shows that the assumption of translational invariance is not applicable to the flux tube in SU(3) YM theory even on the mid-plane with R = 0.92 fm.
3 Abelian-Higgs model
Model
Now we employ the Abelian-Higgs (AH) model and investigate the EMT distribution around the magnetic vortex with and without boundaries. Our starting point is the AH Lagrangian in four-dimensional Minkowski space:
where
are the field strength tensor and the covariant derivative, respectively, with the Abelian gauge field A µ (x) and the complex 
2)
The AH model has two characteristic length scales; the correlation lengths of the scalar and gauge fields [55] ,
respectively. The ratio of these two scales characterizes the Ginzburg-Landau (GL) parameter
In the context of superconductivity, the GL parameter classifies the type of superconductor into type-I (κ < 1/ √ 2) or type-II (κ > 1/ √ 2). In the type-I superconductor a single magnetic vortex is unstable due to attractive interaction between vortices, while the interaction between vortices is repulsive in the type-II superconductor [55] . The boundary value κ = 1/ √ 2 is called the Bogomol'nyi bound [53] .
The AH Lagrangian is invariant under the U(1) gauge transformation defined by
with a gauge function α(x). The complex scalar field χ(x) is written as
with a real scalar field φ(x) and a phase function f (x). In the unitary gauge defined by
, we have the gauge-fixed AH Lagrangian,
Energy-momentum tensor in cylindrical coordinate system
In this study we investigate the spatial distribution of EMT around the magnetic vortex with and without boundaries. As these systems possess rotational symmetry around the vortex, we employ the cylindrical coordinate system. For the vortex with length R, we suppose that the boundaries are at (r, z) = (0, ±R/2). From the rotational symmetry the scalar field is given by a functions of r and z as φ = φ(r, z), (3.8) and it is possible to represent the gauge field as
with a scalar functionÃ(r, z) and the three-dimensional unit vector e θ in the direction of the θ axis. The non-vanishing components of EMT in the cylindrical coordinate system, Eq. (2.9), are calculated to be
(3.14)
On the mid-plane at z = 0, T rz (r, z = 0) vanishes from the symmetric reason and EMT is diagonalized as
where the argument z = 0 in T γγ (r, z) is abbreviated for notational simplicity. Each component is given by
where we used the fact that terms including ∂ z vanish on the mid-plane.
Equations ( T zz (r), T rr (r), and T θθ (r), while the contribution to T 00 (r) is positive. These contributions are understood as the negative pressure owing to the instability of a state having a deviation of φ from its vacuum expectation value v. Fourth, because T rr (r) = T θθ (r) at r = 0, one obtains (∂ r φ) 2 = φ 2Ã2 /r 2 in the r → 0 limit. As a result, the signs of T rr (r) and T θθ (r) at r = 0 is determined by the interplay between first and fourth terms, i.e. contributions from the gauge field and the Higgs potential, respectively.
Magnetic vortex
In this section, we discuss the magnetic monopoles and the classical solution of the magnetic vortex between the monopoles in the AH model with and without boundaries.
Magnetic vortex with finite length
Let us first consider a magnetic vortex with the finite length R between two magnetic monopoles with opposite charges. As shown by Dirac [56] , Maxwell theory can have monopoles with quantized charges. These monopoles are associated with a singularity of the gauge field called the Dirac string. When two monopoles with opposite charges are at (r, z) = (0, ±R/2), the Dirac string can be located on the z axis between two monopoles. The gauge field in this case is given by
where the winding number n corresponds to the charge of a monopole at z = R/2 in the unit of 2π/g. In what follows, we consider the vortex with n = 1.
The Dirac monopoles can also be introduced in the AH model. As the gauge field in this case has the same singularity as Eq. (4.1), when monopoles are located at (r, z) = (0, ±R/2) it is convenient to denote the gauge field as [41, 42, 52 ]
Here,ã(r, z) does not have a singularity and represents the deviation of A(r, z) from Eq. (4.1).
The classical solution of the magnetic vortex is then obtained by minimizing the total energy
as a functional ofã(r, z) and φ(r, z) with the boundary conditions
The condition Eq. (4.6) ensures that the total energy of this system is finite.
Infinitely-long vortex
Next we consider the magnetic vortex with an infinite length. This solution is obtained by taking the R → ∞ limit in the above argument. In this limit, the system has a translational symmetry along z direction, and φ andã are given by functions of only r as φ = φ(r) and a =ã(r). By taking the R → ∞ limit of Eq. (4.1) with n = 1 one obtains
The vortex solution is obtained by minimizing energy per unit length It is convenient to introduce dimensionless variables
Using these variables, the components of the dimensionless EMT
are given byT
14)
witĥ
Energy per unit length Eq. (4.8) is represented as
In Eq. (4.18), the form ofΣ[P, Q] depends on parameters in the AH model only through κ.
Therefore, P (ρ) and Q(ρ) of the vortex solution, and accordingly the dimensionless EMT Eq. (4.12), depend only on κ. Also, the energy per unit length, i.e. the string tension of the vortex, σ AH , is given by 
Physical units
To compare the stress-tensor distribution around the magnetic vortex obtained in the AH model with the flux tube in Ref. [2] , it is desirable to introduce the physical dimension to the former. The only parameter having a mass dimension in the AH model is v. To determine this quantity in physical units, we require that the string tension of the magnetic vortex σ AH is equivalent with the string tension of the flux tube in SU(3) YM theory, σ YM [42, 47] . From Eq. (4.19), we then have
The value ofσ AH (κ) is obtained numerically from the solution of the magnetic vortex with an infinite length. In Fig. 2 , we show the behavior ofσ AH (κ) as a function of κ. The figure shows thatσ AH = 1 at κ = 1/ √ 2. This property can be shown analytically [53] , as discussed in Appendix A. which is obtained from the large R behavior of the QQ potential at β = 6.6 in Ref. [2] .
Because the right-hand side of Eq. (4.20) depends only on κ, even after fixing the value of v in physical units, there exists an arbitrariness to vary g and λ with fixed κ = √ λ/g. This means that ξ χ and ξ A are not determined by fixing v and κ. This arbitrariness is canceled out in Eq. (4.12) for the infinitely-long case, but has to be taken into account explicitly when R is finite.
Details of numerical analysis
The classical solution of the magnetic vortex is obtained numerically by minimizing the total energy with the boundary conditions Eq. (4.9) and (4.10). For this procedure with finite length R we discretize the half-plane of r and z and iteratively update the fields φ(r, z) andã(r, z) at even and odd sites via the over-relaxation method. We take the mesh size ∆ of the lattice as
where p is chosen in the range 0.02 < p < 0.1 so that the ratio of R and 2∆ is given by an integer. We have checked that the mesh size with p = 0.1 is small enough to suppress the discretization error in the range 0.1 < κ < 1.0 by changing the mesh size. The spatial lengths along r and z directions are chosen so that the boundaries are at least 3.4 times longer than max(ξ A , ξ χ ). We have checked that the finite size effects are well suppressed with this setting. The iteration is terminated when the total energy becomes unchanged in each step. The criterion is set to be δE = (E n+1 − E n )/E n < 1.0 × 10 −6 for the n-th iteration. Once we obtain the solution for φ andã, EMT is obtained by substituting them into Eqs. (3.10)-(3.13).
For the infinitely-long case we proceed similar procedures in the one dimensional space of ρ for the dimensionless functions P (ρ) and Q(ρ).
We note that the number of lattice points increases when the difference between ξ A and ξ χ is large in order to satisfy the above conditions for the mesh size ∆ and the size of the lattice. This means that the numerical cost increases at small and large κ. Because of this difficulty, we limit our numerical analysis in the range 0.1 ≤ κ ≤ 1.0 and 0.05 ≤ κ ≤ 3.0 for the finite-length and infinitely-long vortices, respectively.
Numerical results
In this section we discuss the numerical results on the EMT distribution around the magnetic vortex in the AH model.
Infinitely-long vortex
In this subsection, we first focus on the infinitely-long vortex. In this case it is convenient to employ the dimensionless variables, ρ andT γγ (ρ), introduced in Eqs. which depend only on κ. In the left panels of Fig. 3 , we show the ρ dependences ofT 00 (ρ),
for three values of κ; top and lower panels show the results for type-I (κ = 0.1) and type-II (κ = 2.0) cases, respectively, while the middle panel corresponds to the Bogomol'nyi bound at κ = 1/ √ 2. One finds that the sign of T rr (r) is positive (negative) at κ = 0.1 (κ = 2.0), while the middle panel shows that T rr (r) = T θθ (r) = 0 at κ = 1/ √ 2. The latter property is obtained analytically as discussed in Refs. [53, 54] and summarized in Appendix A. For κ = 1/ √ 2, T θθ (r) behaves differently from T rr (r), and changes the sign at nonzero r. This result is consistent with the discussion based on the momentum conservation in Sec. 2. Now, let us compare the result in Fig. 3 with the EMT distribution around the flux tube in SU(3) YM theory [2] shown in Fig. 1 . As in Fig. 1 , in SU(3) YM theory T rr (r) and T θθ (r) are degenerated within statistics even at the largest QQ distance, R = 0.92 fm. The lattice result also suggests that T θθ (r) is always positive. These results clearly contradict with Fig. 3 . This result thus shows that the structure of the flux tube in SU(3) YM theory with R ≤ 0.92 fm cannot be understood by the comparison with the magnetic vortex with an infinite length in the AH model.
In spite of this conclusion, it is instructive to take a closer look at the EMT distribution in the AH model in Fig. 3 . As in Eqs. (4.13)-(4.15), the EMT around the infinitely-long vortex consists of four terms in Eq. (4.16). In the right panels of Fig. 3 , the behavior of these terms are shown separately for each κ. At ρ = 0, one hasT (2) (ρ) =T (3) (ρ) which leads to Table 1 Parameters κ and g of the numerical analysis in Fig. 5 , and the corresponding values of the correlation lengths ξ χ and ξ A .
T rr (0) = T θθ (0). The sign of T rr (0) thus is determined by the interplay betweenT (1) (ρ) and T (4) (ρ). As discussed in Sec. 3.2,T (1) (ρ) is the Maxwell stress having a positive contribution to T rr (r) as in Eq. (4.14), while the contribution ofT (4) (ρ) is negative in this channel. A positive T rr (0) at κ < 1/ √ 2 thus meansT (1) (0) >T (4) (0), i.e., the contribution of the gauge field plays a dominant role at the core of the vortex in the type-I region. On the other hand, for κ > 1/ √ 2 the effect of the Higgs potential dominates over the gauge field.
In this way, the sign of T rr (0) can be used to distinguish the type-I and type-II provided that the length of the vortex is infinite. In Fig. 4 , we show the ratio T rr (0)/T 00 (0) as a function of κ. The figure shows that T rr (0)/T 00 (0) is a monotonic function of κ changing the sign at κ = 1/ √ 2.
Finite-Length Flux Tube
Next, we investigate the magnetic vortex with finite length R. In the following, numerical results are shown in physical units by fixing the value of v through Eq. (4.20) in order to make the comparison with Ref. [2] easy. After fixing the value of v in physical units, the vortex solution with length R depends on two parameters in the AH model. In the following, we use κ and g as the parameters.
We first fix the length of the vortex to be R = 0.92 fm, the largest length of the flux tube in Ref. [2] , and study the κ and g dependence of the EMT distribution on the mid-plane. From Fig. 5 , one finds that the difference between T rr (r) and T θθ (r) tends to decrease as g becomes smaller. In particular, one sees that these channels are almost degenerated with g = 2.6 and κ = 0.4, 1.0. This result suggests that the degeneracy between T rr (r) and T θθ (r) observed in Ref. [2] can be described by the effects of the boundaries by increasing the correlation lengths.
Next, to make the comparison between the vortex in the AH model and lattice results more quantitatively we focus on the absolute values of T 00 (r) and T rr (r) at r = 0. In Fig. 6 we show the values of T 00 (0) and T rr Range of the parameter g which gives the value of T 00 (0) consistent with the lattice result in Ref. [2] .
0. 46 13.4 (2) 8.2 (2) 0.92 4.5 (9) 1.5 (7) Table 2 The values of T 00 (0) and T rr (0) in Ref. [2] for flux tubes with the length R = 0.46 and 0.92 fm.
given in Table 2 . We note that the value of T 00 (0) used here is obtained from the average (T 00 (0) + T zz (0))/2 in Ref. [2] . From Fig. 6 , one finds that T 00 (0) is more sensitive to g than T rr (0). The value of g with fixed κ can be constrained by requiring that T 00 (0) reproduces the lattice result. In Fig. 7 , we show the range of g determined in this way for R = 0.46 and 
Summary
In the present study, motivated by the numerical analysis of the QQ system in SU(3) YM theory in Ref. [2] , we investigated the EMT distribution around the flux tube and magnetic vortex. In Sec. 2, using the momentum conservation we have shown that the lattice result on the mid-plane in Ref. [2] is qualitatively inconsistent with an assumption of the translational invariance even at the QQ distance R = 0.92 fm. We then employed the AH model in Sec. 3 and calculated the EMT distribution on the mid-plane of the magnetic vortex. These results are compared with the lattice result on the basis of the dual superconductor picture [39-41, 47, 48, 51, 52] . The results obtained with finite QQ distances suggest that the degeneracy between T rr (r) and T θθ (r) observed in Ref. [2] can be explained qualitatively by the effect of boundaries. However, from the comparison of the absolute values of T 00 (0) and T rr (0), we have shown that the wide range of the parameters in the AH model Eq. (3.1) cannot reproduce the EMT distribution obtained in Ref. [2] simultaneously, although a possibility of the existence of a parameter set in the range κ < 0.1 is not excluded in the present study.
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A Analytic properties
In this appendix, we summarize analytic properties of the magnetic vortex with an infinite length in the AH model at the Bogomol'nyi bound discussed in Refs. [53] .
Throughout this appendix, we use the dimensionless variables ρ, P (ρ), and Q(ρ) defined in Eq. (4.11).
The classical vortex solution corresponds to the minimum of Eq. (4.18)
with the boundary conditions
where we allow for an arbitrary winding number n in this Appendix.
At κ = 1/ √ 2, Eq. (A1) is rewritten aŝ
with
Using these variables, the dimensionless EMTT rr (ρ) andT θθ (ρ) in Eq. 
The last term in Eq. (A4) given by the total derivative is calculated to be
with the boundary conditions Eqs. (A2) and (A3) and one obtainŝ
Then, the minimum of Eq. (A9) is obtained when A ± (ρ) = 0 and B ± (ρ) = 0 are satisfied for one of the signs of subscript [53] . 
